A definition of detailed balance tailored to a system of indistinguishable fermions is suggested and studied using an entangled fermionic state. This is done in analogy to a known characterization of standard quantum detailed balance with respect to a reversing operation.
Introduction
In this paper we take the first steps to formulate quantum detailed balance tailored for a system consisting of indistinguishable fermions, by using an entangled fermionic state.
Classically, detailed balance of a Markov chain and a given probability distribution means that the probability for the system to make a transition from one pure state to another is equal to the probability for the opposite transition. More precisely, p j γ jk = p k γ kj , where the p j form the probability distribution over the pure states, and the γ jk are the transition probabilities. In the quantum case, however, one can express detailed balance in terms of an entangled state of two copies of the system in question, without direct reference to transition probabilities. See [21, 24, 25] . Also see the closely related papers [15, 16] . This formulation creates the possibility to generalize or adapt detailed balance in natural ways which are not apparent from the classical formulation. See for example [22] .
The references mentioned above build on previous work on quantum detailed balance, where connections with entanglement were, however, not made explicit, in particular [5, 6, 18, 32, 36, 35] .
Entanglement of indistinguishable particles is not considered in the references above. Since many relevant systems consist of indistinguishable particles, it is natural to ask whether the formulation of detailed balance in terms of an entangled state can be successfully adapted to entangled states of indistinguishable particles.
In this paper we show that this is in fact possible, at least for simple fermionic systems. We thus obtain a purely quantum mechanical formulation of detailed balance for a system of indistinguishable fermions.
We focus on obtaining a fermionic version of the so-called standard quantum detailed balance condition with respect to a reversing operation [25, 27] . A standard choice of reversing operation will be used in the latter, namely transposition of matrices. Our fermionic detailed balance condition is then modelled on this situation, and will be called fermionic standard quantum detailed balance.
We take our fermionic system to be a finite sublattice in a fermion lattice. We then consider a second copy of this system elsewhere in the lattice, and set up an entangled state for these two systems. In the entangled state formulation of detailed balance for the generic case without reference to indistinguishable particles, the tensor product of two copies of the system being studied, plays a central role. In the fermionic case, however, this simple tensor product structure is lost, but its place is filled by the lattice structure.
Entangled states for indistinguishable particles are discussed in some detail (both conceptually and technically) in for example [43, , [23] and [31] . We only need a very particular case however, for which we give a self-contained, although brief, discussion.
Duality of dynamical maps play an important role in quantum detailed balance (see for example [25] ). A preliminary investigation into an analogous duality in the fermionic case is presented in this paper. However, the analogy with duality in the usual case is only partial. In particular, positivity properties in the usual case are not present in the fermionic case, possibly indicating that different forms of duality should be explored further.
Tailoring quantum detailed balance to fermionic systems is in line with the general theme of extending or adapting to fermionic systems, various concepts and results from either classical probability, or from quantum probabilistic theories that do not take fermionic behaviour into account. Examples of this avenue of research can be found in [3, 7, 8, 9, 19, 29, 33] .
We review the essentials of the fermion lattice in Section 2. In Section 3 we treat the fermionic entangled state which we need. Then, in Section 4, we turn to the formulation of fermionic standard quantum detailed balance in terms of this entangled state. The usual case (without reference to indistinguishable particles) of standard quantum detailed balance with respect to a reversing operation is also briefly discussed as part of that section, in order to clarify the origins of the fermionic formulation. Section 5 proceeds with a simple example to illustrate fermionic standard quantum detailed balance. A related example is discussed in Section 6 to show that fermionic standard quantum detailed balance indeed differs from the usual standard quantum detailed balance condition applied to a fermionic system. Duality of dynam-ical maps is explored in Section 7. The paper concludes in Section 8 with some questions for possible further research.
The fermion lattice
Here we briefly review the framework that we will use, and also set up much of the notation for the rest of the paper. Our main references are [17, Section 5.2] and [8] .
Let h denote the Hilbert space for a single fermion and consider the Fock space
with Ψ the vacuum vector, which we can simply take to be Ψ = 1 ∈ C, while for n = 1, 2, 3, ...
where h appears n times. Consider the projection
for x 1 , ..., x n ∈ h, where n = 1, 2, 3, .... Here ε π denotes the sign of the permutation π. We then define the Fermi-Fock space as
and denote its inner product, inherited from F (h), by ·, · . We can define creation operators a * (x) on H for all x ∈ h as follows: First define a creation operator b * (x) on a dense subspace of F (h) by
for all x, x 1 , ..., x n ∈ h. The corresponding annihilation operator b(x), is given by
for all x, x 0 , x 1 , ..., x n ∈ h, where the inner product ·, · of h is taken to be linear in the second slot. The fermionic creation and annihilation operators are then defined as a
respectively, for all x ∈ h. These are bounded operators on H which are adjoints of one another, and satisfy the anti-commutation relations
for all x, y ∈ h, where 1 H is the identity operator on H.
Next we introduce the lattice L. Let L be any countable or finite set. We assume that L indexes an orthonormal basis for h, namely e l for l ∈ L. We could, if necessary, rather denote the orthonormal basis as e l,s where s ∈ S specifies some further properties beyond the lattice we are considering, say spin values. For simplicity of notation, however, we subsume all such properties into the set L.
Also then write
and
for all l 1 , ..., l n ∈ L, for any n = 1, 2, 3, .... Given any subset I of L, denote by
a set of finite sequences (l 1 , ..., l n ) in L, for n = 0, 1, 2, 3, ..., with l j = l k when j = k, such that each finite subset of I corresponds to exactly one element of D I . The empty subset of I corresponds to the empty sequence denoted by ∅ ∈ D I , which is the case n = 0. Note that the vectors
with M ∈ D L form an orthonormal basis for H. The set D I is not uniquely specified, but that does not matter, as it is just a way to label a set of orthonormal vectors up to a factor ±1 for each vector, irrespective of how D I is chosen for a given I. We also use the notation
for all l ∈ L. We note that
(which is 0 if l ∈ {l 1 , ..., l n }) and
for k such that l k = l, where (l 1 , ...,l k , ..., l n ) refers to the sequence (l 1 , ..., l n ) with l k removed, while a l f (l 1 ,...,ln) = 0 if l / ∈ {l 1 , ..., l n }. These facts are useful to keep in mind when manipulating expressions involving f (l 1 ,...,ln) .
For any subset I of L, let A(I) denote the C*-subalgebra of B(H) generated by {a l : l ∈ I}, where B(H) is the C*-algebra of all bounded operators on H. Of course, since a * l is the adjoint of a l , we have a * l ∈ A(I) for all l ∈ L. Because {a l , a * l } = 1 H , it follows that A(I) contains the unit 1 H of B(H).
From the next section onwards we are going to focus on the case where I is finite, and A(I) therefore finite dimensional because of the anti-commutation relations. In this case we can simply view A(I) as the algebra generated by operators a l and a * l for l ∈ I, and C*-algebraic notions become less important. However, we nevertheless continue with the usual C*-algebraic notation of denoting the adjoint of an operator a by a * . Note that we need not assume that L is finite.
A fermionic entangled state
Here our main goal is to construct the entangled state which is to play a central role in the next section where detailed balance is discussed. However, we first construct a fermionic analogue of a product of two states, each of which is given by a diagonal density matrix in terms of basis vectors obtained from the creation operators. This product state will not be used in fermionic detailed balance, but gives some insight into how states for combined fermionic systems should be constructed, which is instructive for the subsequent construction of the entangled state. It may also be relevant in constructing examples of states for the more general case of balance instead of detailed balance (see [22] ), but that will not be treated in this paper. Our treatment of entanglement here is self-contained, but brief and limited to the specific entangled state that we need, presented in a mathematical form convenient for our later work in the paper. For more systematic investigations into entanglement for systems of identical particles, the reader is referred to [23] and [31] . Also see [30, 34, 40, 42, 45, 46, 47, 48] for some of the other early papers on this topic, as well as [10, 11, 12, 13, 14, 39] for a selection of more recent ones.
Consider A(I) and A(J), where I and J are disjoint finite subsets of L. The finite dimensionality of the algebras A(I) and A(J) due to I and J being finite, allows us to avoid any technicalities involving limits and infinite sums. It should be possible to handle such technicalities, but that will not help to clarify the conceptual aspects we want to focus on.
The fermion lattice now provides a convenient framework to construct fermionic analogues of product or entangled states for A(I) and A(J).
Consider two sets of probabilities, p M for M ∈ D I , and
For A(I) and A(J), we respectively consider the diagonal density matrices
for all x, y, z ∈ H, inspired by Dirac notation |x y|. I.e., f M ⋊ ⋉ f M could also be written as |f M f M |. We aim to define a fermionic analogue of a product state for the two states ρ I and ρ J such that the state ρ which is obtained is itself a sensible fermionic state. We achieve this by setting
denotes the concatenation of the sequences M and N , i.e. if M and N are the sequences (m 1 , ..., m j ) and (n 1 , ..., n k ) respectively, then M N denotes the sequence (m 1 , ..., m j , n 1 , ..., n k ), while for M = ∅ we have M N = N , and for N = ∅ we have M N = M . The mixed state ρ is a fermionic state simply because the pure states f M N are. Note that ρ was constructed in analogy to the usual product state given by
which is not a fermionic state in general, since
It is worth emphasizing (see [31] and [23] ) that despite the form of the vectors f M N , which is given by (3) and (1), they are not viewed as being entangled states. Therefore the state ρ, being a mixture of these pure states, possesses no entanglement. Similarly ρ I and ρ J possess no entanglement.
Next we consider the fermionic entangled state of main interest to us in this paper. We assume that J above has the same number of elements as I, but still with I ∩ J = ∅, and let ι : I → J be a bijection. The role of ι is to view J as a "copy" of I elsewhere in L, with the goal of constructing an entangled state of two copies of the same state. We use ρ I as above, but replace ρ J by
where ι(M ) := (ι(m 1 ), ..., ι(m j )) for M = (m 1 , ..., m j ). The fermionic entangled state of interest to us is then defined to be
where M ι(M ) again denotes concatenation as above. This is in analogy to the entangled state
which however is not a fermionic state, i.e. it is not in H, as
Remark 3.1. The term "diagonal state" could also be used for Φ, partly due to only the form f M ι(M ) appearing, instead of the more general case f M ι(N ) , but also partly because in classical probability an analogous construction leads to a so-called diagonal measure (in which entanglement plays no role). This classical construction has a general noncommutative counterpart (see [20] and [28] , as well as [22, Subsection 7.2] ) which generalizes (6), but not (5).
We note that both ρ and Φ reduce to the correct states, i.e.
Tr(ρa) = Tr(ρ I a)
for all a ∈ A(I) and b ∈ A(J), so ρ reduces to ρ I and ρ J , while
for all a ∈ A(I) and b ∈ A(ι(I)). This can be verified by fairly straightforward calculations. Note in particular that the pure state Φ reduces to the mixed states ρ I and ρ ι(I) for the algebras A(I) and A(ι(I)) respectively, each state being a mixture of fermionic pure states, confirming that Φ is entangled if at least two of the probabilities p M are not zero.
To conclude, Φ is the state that will be of central importance in the rest of the paper.
Fermionic standard quantum detailed balance
In this section consider a purely fermionic formulation for detailed balance, in terms of the framework set up so far, in particular making use of the state Φ defined in (5) .
We start by briefly reviewing the detailed balance condition in the generic from not specifically involving indistinguishable particles. In particular we focus on a standard quantum detailed balance of with respect to a reversing operation, as defined in [25] and [27] , and also studied in [16] and [26] . We only discuss it for finite dimensional systems. The development of quantum detailed balance more generally can be retraced in [5, 6, 18, 32, 35, 36, 37, 38, 4] .
Consider a quantum system with n dimensional Hilbert space and its observable algebra representable as the algebra M n of n × n matrices over C. Let the system's state be given by the density matrix ρ, and we then choose to work in an orthonormal basis d 1 , ..., d n in which this density matrix is diagonal, say
be a semigroup of (completely) positive unital maps giving the dynamics of the system as a function of time t ≥ 0. One then considers the following entangled state of two copies of (M n , ρ):
which we represent as a state ω on the composite system's observable algebra
for all a ∈ M n ⊗ M n .
In this set-up we can express standard quantum detailed balance of the system with respect to a reversing operation, as the condition
for all a, b ∈ M n and all t ≥ 0. Here we have in effect made a standard choice of reversing operation as the transposition of matrices with respect to the chosen basis. In this paper we refer to condition (8) simply as standard quantum detailed balance of the system (M n , τ, ρ). See [21, Section 5] for more detail on this specific formulation of the standard quantum detailed balance condition. With this background in hand, we can now work towards writing down a fermionic version of condition (8) .
Returning to our notation from Section 3, we are going to work with the algebra A(I ∪ ι(I)) in the place of M n ⊗ M n , and in analogy with ω we define the state ϕ on A(I ∪ ι(I)) by
for all a ∈ A(I ∪ ι(I)). Consider a semigroup τ of positive (or completely positive) unital maps τ t : A(I) → A(I) for t ≥ 0, which is taken to be the dynamics of the system on A(I), we need this dynamics to be carried over to A(ι(I)) in order to have a copy of the dynamics τ on A(ι(I)). So consider the * -isomorphism
given by η(a l ) = a ι(l) for all l ∈ I. Then copy the dynamics on A(I) to A(ι(I)) by τ
Similarly we can define α ι = η • α • η −1 for any linear α : A(I) → A(I).
In analogy to Eq. (8), we then say that (A(I), ρ I , τ ) satisfies fermionic standard quantum detailed balance when
for all a ∈ A(I) and b ∈ A(ι(I)), and all t ≥ 0.
Remark 4.1. Typically one would be interested in the case where all the probabilities p M appearing in ρ I , as given by (4), are non-zero. However, this is not mathematically essential at the moment. In fact, it only becomes important when studying duality in Section 7.
Note that the time variable t does not play an essential role in what we have done so far. We could equally well only consider a single (completely) positive unital map τ : A(I) → A(I), which means that we in effect only consider one instant in time (or a discrete set of instants in time upon iterating the single map). Then fermionic standard quantum detailed balance of (A(I), ρ I , τ ) is expressed as
for all a ∈ A(I) and b ∈ A(ι(I)).
An example
We exhibit a simple example of fermionic standard quantum detailed balance as defined by Eq. (11). The example is based on an example of the type discussed in [2, Section 6], [15] , [24, Section 5] , [25, Subsection 7 .1] and [22, Section 7] , but adapted to the fermionic framework. At its core it can be viewed as consisting of "balanced" cycles. We concentrate on discrete time, but at the end of the section we explain how to extend this example to continuous time. Start by defining a unitary operator
for all finite sequences (l 1 , ..., l n ) in L, for any n = 1, 2, 3, ..., where
is a permutation of I. By this we mean that σ| I : I → I is a bijection, while σ| L\I is the identity map on the complement L\I of I. The operator U is well-defined, since the vectors f (l 1 ,...,ln) include an orthonormal basis for H, as mentioned in Section 3, while it is easily checked from the definition of f (l 1 ,...,ln) in Eq. (3) and Eq. (1) that any permutation of l 1 , ..., l n is consistent with the definition of U . It follows that
which means in particular that
so for any fixed λ ∈ [0, 1] we obtain a well-defined unital completely positive map τ :
by setting τ (a) = λU * aU + (1 − λ)U aU *
for all a ∈ A(I). Keep in mind that σ can be decomposed into cycles, so in effect τ is built from two sets of cycles, the one set being opposite to the other. It will shortly become clear that if we "balance" these opposite cycles by taking λ = 1/2, then fermionic standard quantum detailed balance emerges, analogous to the usual (or generic) case. As in Section 3 we consider a bijection ι : I → J where I and J are disjoint subsets of L, and as in Section 4 we copy the dynamics τ to A(ι(I)). Explicitly we can do it as follows:
for l ∈ J, and σ ι (l) = l for l ∈ L\J. Using this, we define a unitary operator
for all finite sequences (l 1 , ..., l n ) in L. Then we can define the copy τ ι of τ on A(ι(I)) by
for all b ∈ A(ι(I)). Now, as opposed to the usual case of standard quantum detailed balance in Eq. (8), where one uses the tensor product, we now make use of the properties of our fermionic lattice, in particular the fact that I and ι(I) are disjoint, to show how fermionic standard quantum detailed balance is obtained. The key point in this respect, is that from Eq. (12) we deduce
for all b ∈ A(ι(I)), and similarly
for all a ∈ A(I). Using this we can do the following calculation for any a ∈ A(I) and b ∈ A(ι(I)), in terms of the state ϕ given by (9) and (5), to obtain conditions under which fermionic standard quantum detailed balance is satisfied:
Firstly,
But, using the notation σ(M ) := (σ(l 1 ), ..., σ(l n )), when M = (l 1 , ..., l n ), we obtain
where
The point here is that σ(M ) is a sequence in I, but it need not be in the correct order to be an element of D I . The permutation σ M corrects for this. If we assume that the density matrix ρ I in (4) satisfies
for all M ∈ D I , then it follows from the definition of f (l 1 ,...,ln) in Eqs. (1), (2) and (3), in particular how the sign of f (l 1 ,...,ln) may change due to permutation, that
A simpler (but less general) assumption that ensures Eq. (15), is
for any pair of sequences M, N ∈ D I that have the same length. Then Φ, U * aU bΦ = Φ, aV bV * Φ .
If we letσ
and we assume that the density matrix ρ I satisfies
for all M ∈ D I , we also obtain
From this we conclude that if conditions (15) and (17) are satisfied, or alternatively just condition (16), then
Under these conditions, if
for all a ∈ A(I) and b ∈ A(ι(I)). That is, (A(I), ρ I , τ ) then satisfies fermionic standard quantum detailed balance. This example can easily be adapted to a continuous time example by using the form L(a) = λU * aU + (1 − λ)U aU * − a as the generator of a quantum Markov semigroup which then satisfies fermionic detailed balance in the form (10).
Detailed balance vs fermionic detailed balance
Here we show that the standard quantum detailed balance and fermionic standard quantum detailed balance conditions discussed in Section 4, are not equivalent when we consider dynamics on an A(I). More precisely, we exhibit a simple example of a unital completely positive map on A(I) satisfying standard quantum detailed balance but not fermionic standard quantum detailed balance. As is the case with the dynamics in Section 4, this example will nevertheless still have even dynamics, the definition of which is also discussed in this section.
Consider the following example of standard quantum detailed balance, which is similar to the example discussed in Section 5, but not tailored to the fermionic case:
Consider a n-dimensional Hilbert space K with orthonormal basis d 1 , ..., d n . Given a permutation ̟ ∈ S n of {1, ..., n}, we define a unitary operator
for j = 1, ..., n. That is, we are considering a permutation of the orthonormal basis. For 0 ≤ λ ≤ 1 we then consider the unital completely positive map α :
for all a ∈ B(K). Now, using the basis d 1 , ..., d n to represent B(K) as M n as in Section 4, assume that the probabilities p j from Section 4 are equal for the basis vectors d j lying in the same cycle of the decomposition of σ into cycles. It is then straightforward to check that standard quantum detailed balance is satisfied when λ = 1/2 (the argument is similar, but notationally simpler than that in Section 5).
In particular, keeping in mind that A(I) is isomorphic to M 2 |I| , we can in this way obtain dynamics on A(I) satisfying standard quantum detailed balance, using the vectors f M , M ∈ D I , as the orthonormal basis in the place of d 1 , ..., d n , and applying a permutation to this basis. In particular, we see from this argument that the dynamics on A(I) in Section 5 satisfies (usual) standard quantum detailed balance when λ = 1/2, if the probabilities p M are equal for basis vectors f M lying in the same cycle of the permutation. However, if the permutation of the orthonormal basis, namely the vectors f M , is not obtained from a permutation of I as in Section 5, then the argument in Section 5 falls apart. In that case we can not expect to have fermionic standard quantum detailed balance in general, even though standard quantum detailed balance is satisfied as explained above.
We can illustrate this explicitly, while preserving a basic property that the dynamics τ in Section 5 has, namely that it is even. We describe this concept before continuing to our example:
Define a unitary operator
on the Fermi-Fock space via θf M = f M if the sequence M has even length, while θf M = −f M if the sequence M has odd length. Note that θ = θ * . Furthermore, it is easily confirmed that
for all l ∈ L, by applying θa * l θ to the basis vectors f M . By taking the adjoint both sides, we also have θa *
for all l ∈ L. Therefore we can define a * -automorphism Θ I of A(I) by
for all a ∈ A(I). This works for every subset I of L, including I = L, so we may as well just work with Θ = Θ L , since then Θ I is just the restriction of Θ to A(I). (Also see [8, Section 4.1].) One can then show that the dynamics τ in Section 5 is even for all λ ∈ [0, 1], by which we mean that
This follows from U θ = θU , which is true, since in U f (l 1 ,...,ln) = f (σ(l 1 ),...,σ(ln)) the sequences (l 1 , ..., l n ) and (σ(l 1 ), ..., σ(l n )) have the same length, so both are even or both are odd.
We now construct an example of dynamics which is even and satisfies standard quantum detailed balance, but not fermionic standard quantum detailed balance:
Consider the case |I| = 2, i.e. A(I) is generated by two operators a l ; let us call them a 1 and a 2 . We use D I = {∅, (1), (2), (1, 2)}. Furthermore, for the rest of this section, we set
as the probabilities appearing in ρ I given by (4), and in terms of which we express the detailed balance conditions. We take |J| = 2 as well, with I ∩ J, and let a 3 and a 4 denote the generators of A(J). The bijection ι : I → J we use is given by ι(1) = 3, ι(2) = 4.
The dynamics on A(I) will be obtained from a unitary operator
where H I is the subspace of H spanned by the set {f ∅ , f (1) , f (2) , f (1,2) }, and U I is defined via
Note that this is a permutation of the basis not given by a permutation of the set I = {1, 2}. View A(I) as being faithfully represented on H I by π I via
i.e. we restrict the elements of A(I) to H I . In other words, we represent A(I) faithfully as π I (A(I)), which is isomorphic to M 4 . The reason for this is that we have not defined U I on the whole of H; trying to extend U I to H, and working with A(I) itself, is inconvenient in this case. However, for simplicity we suppress the π I in our notation below. Analogously for A(J) on H J . By applying U * I a 1 U I to the basis vectors f ∅ , f (1) , f (2) and f (1,2) of H I , one can verify the formula
where [·, ·] denotes the commutator. Similarly we have the formulas for all a ∈ A(I). It is straightforward to check from the formulas above, that α is even, i.e. α • Θ = Θ • α.
We copy α to A(J) via
using the correspondingly defined unitary operator V J on H J given by
and for which corresponding formulas as for U I above hold. Let us now study detailed balance for the case λ = 1/2. As already explained earlier in this section, standard quantum detailed balance is then satisfied. However, fermionic standard quantum detailed balance is not:
for ϕ in (9) . This can be verified using (5), which here is
as well as
and by then calculating that
and then evaluating ϕ(α(a 1 )a * 4 ) = α(a * 1 )Φ, a * 4 Φ and ϕ(a 1 α ι (a * 4 )) = a * 1 Φ, α ι (a * 4 )Φ . Thus (A(I), ρ I , α) is indeed an example with even dynamics satisfying standard quantum detailed balance, but not fermionic standard quantum detailed balance.
Duality
Certain types of duals (or adjoints) of dynamical maps play an important role in quantum detailed balance conditions. See for example [38, 25, 21, 22] . Here we show that some, but not all, aspects of duality survive in our framework for fermionic standard quantum detailed balance. Our discussion here is of a preliminary nature and we suspect that it should be possible to develop duality in the fermionic case further.
A very basic duality appearing in relation to standard quantum detailed balance arises from the following bilinear form, defined in terms of the state ω given in (7):
We note that for a, b ≥ 0, in the usual operator algebraic sense, i.e. a and b are self-adjoint operators with non-negative spectra, we have
For a linear map α :
for all a, b ∈ M n , is then of some importance in connection to standard quantum detailed balance and can for example be used to define the KMSdual of a positive map (again see the references mentioned above, for example [22, Definition 2.9 ], but also [44] and [41, Proposition 8.3] ). The positivity of B ω mentioned above is necessary in showing α ′ is n-positive when α is. These points in fact hold in a much more general infinite dimensional von Neumann algebraic setup, not just on M n (see [1, Proposition 3 .1] and [22] ). The special case M n fits into the general von Neumann algebraic framework by representing the first copy of M n appearing in B ω as M n ⊗ 1 n , with 1 n the n × n identity matrix, while the commutant 1 n ⊗ M n of this representation serves as the second copy of M n in B ω . In analogy to this, we can study the following bilinear form in the fermionic case, in terms of the state ϕ given by (9) , and where I is again a finite subset of L, and ι : I → L is an injection such that I and ι(I) are disjoint:
Note that as in Section 4, the role of the tensor product structure is here essentially taken over by the fermion lattice structure. Below it will be seen that B ϕ does allow us to define dual maps similar to B ω , but on the other hand it does not satisfy the positivity property B ϕ (a, b) ≥ 0 for all a ≥ 0 and b ≥ 0. Note that in the definition of B ϕ we are in effect making a choice, since we could equally well have used the definition B ϕ (a, b) = ϕ(ba). In B ω no corresponding choice had to be made, since (a
. This is an indication that the definition of B ϕ is not quite as natural as that of B ω .
In order to show that we can define a dual in the fermionic case, analogous to the usual case above, we first study the relevant properties of B ϕ as defined above. The main technical property we need is the following non-degeneracy of B ϕ :
where d |M | is obtained from c via a M ′ c = d |M | a M ′ by again changing the signs of certain terms. Note that in the process a dependence on the length of the sequence M ′ , so equivalently on that of M , appears, which we indicate by |M |.
Assume that B ϕ (a, b) = 0 for all a ∈ A(I). Then it follows for all M, N ∈ D I that
Even though the signs of the terms in d |M | may vary as M varies, the fact that Similarly for (ii).
From this proposition we obtain the following:
for some b ∈ A(ι(I)) uniquely determined by f .
(ii) Every linear functional g on A(ι(I)) is of the form
for some a ∈ A(ι(I)) uniquely determined by g.
Proof.
Consider the linear map
where A(I) * denotes the dual of A(I), i.e. the space of all linear functionals on A(I). In order to show (i), we only need to prove that F is a bijection.
Because of Proposition 7.1, F is injective. It follows that
which means that F is also surjective, i.e. F is bijective as needed. Claim (ii) follows similarly.
Now we are in a position to obtain the dual of a linear map in terms of B ϕ . Corollary 7.4. When fermionic standard quantum detailed balance holds for (A(I), ρ I , τ ) as in (10) , then the map τ ι t (for any t) is the unique map satisfying (10) for all a ∈ A(I) and b ∈ A(ι(I)). Similarly for (11) .
Lastly we show by example that B ϕ does not satisfy a positivity property of a form analogous to that satisfied by B ω in (18) . This is an indication that the duality in the fermionic setup may not be as useful as the duality obtained in the usual case in terms of B ω . It is simple to check that ϕ(cd) can be non-zero for suitable choices of the probabilities p M > 0 in (5) . Hence r / ∈ R is possible. Then B ϕ (a, b) = ϕ(ab) / ∈ R despite the fact that a ≥ 0 and b ≥ 0.
Questions
There are some natural further questions that could be explored: Can the fermionic standard quantum detailed balance condition lead to more refined results than the usual quantum detailed balance conditions when applied to fermionic systems?
What other interesting examples, aside from the one in Section 5, are there of fermionic standard quantum detailed balance?
Can duals of maps in the fermionic case be approached in a different way from Section 7, to have better positivity properties?
What other forms of quantum detailed balance, aside from standard quantum detailed balance with respect to a reversing operation, can similarly be tailored to the fermionic case?
In this paper we have essentially just considered finite systems in a very concrete set-up. What about more general fermionic systems and a more abstract set-up? At least an infinite version (i.e. infinite I) should be possible in the same concrete setting that we have used in this paper.
Lastly, can a bosonic version of detailed balance be developed in an analogous way? This seems plausible, but may be technically more demanding.
